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 For actual computation, we put the data of ���� ��  

( � , �� � , and �� � ) into SparQ [8] and cal-

culate all consistent scenarios under the constraint network 

that follows table 7 but replaces the relations between un-

visited highways by ULL. The computation result is shown 

in table 8. For each pair of unvisited highways we obtained 

4 to 28 possible relations. Each solution successfully con-

tained the actual relation in the network of figure 6b. 

 
Table 8. Possible relations between pairs of unvisited highways 

derived as algebraically-consistent scenarios. 

Unknown 

relation 

Derived solution  

(dv: diverges, dB: divergedBy) 

(I95, I495) All but equalLL, coversLL, coveredByLL, containsLL, insideLL 

(I93, I495) disjointLL, crossLL, divergesLL, diverges&crossLL 

(I93, I95) disjointLL, crossLL, divergesLL, diverges&crossLL 

(I90, I495) disjointLL, crossLL, divergesLL, diverges&crossLL 

(I90, I95) disjointLL, crossLL, divergesLL, diverges&crossLL 

(I90, I93) 

disjointLL, coversLL, coveredByLL, crossLL, meet LL, 

meet&crossLL, divergesLL, dv&crossLL, divergedByLL, 

dB&crossLL, dv&meetLL, dv&cross&meetLL, dB&meetLL, 

dB&cross&meetLL, dv&dBLL, dv&cross&dBLL, 

dv&dB&meetLL, dv&cross&dB&meetLL 

 

 For the scenario in figure 7a, we obtained four possible 

relations between I-93 and I-495—disjointLL, crossLL, di-

vergesLL, and diverges&crossLL. This solution look reason-

able, since we can say from the given knowledge that (i) 

both endpoints of I-495 do not intersect with I-93 and (ii) 

one endpoint of I-93 do not intersect with I-495. On the 

other hand, for the scenario in figure 7b, we obtained as 

many as 28 possible relations between I-95 and I-495, be-

cause from the given knowledge we can only say that I-95 

is neither contained nor covered by I-495 and vice versa. 
  
 Next, we enrich the previous map by adding two areas—

Boston city and the urban area (covering the Boston city). 

Their spatial arrangement is illustrated in figure 8. Imagine 

that we have driven three of the four highways and ob-

tained the knowledge about how the three highways con-

nect to other highways and two areas. Based on such 

knowledge, what can we say about the relation between the 

remaining highway and two districts? For instance, in fig-

ure 9a/b, how I-95/I-93 goes with regard to two districts? 

To solve this problem, we use ��� �� , since it concerns 

the following heterogeneous sets of topological relations: 

• topological line-line relations between the visited high-

ways; 

• topological line-region between the visited highways 

and the two areas; and 

• topological region-region relations between the two 

areas— . 

 
In addition, we also use the following optional information 

to obtain finer solutions: 

• topological point-region relations between the highway 

junctions and the two areas; and 

• topological line-point relations between the visited 

highways and the highway junctions. 

 

 
Figure 8. Spatial arrangement of highways and two districts in 

the Boston metropolitan area. 

 

(a) (b) 

Figure 9. Partial knowledge about the highway network, obtained 

through the drive on highways except (a) I-95 and (b) I-93. 

  

 For actual computation, we put the data of ��� ��  in-

to SparQ and calculated all consistent scenarios under the 

constraints described above. We obtained 1 to 16 possible 

relations for each scenario (table 9). Each solution success-

fully contains the actual relations in the highway-district 

arrangement of figure 7a.  

 For the scenario in figure 9a, we obtained a solution in 

which I-95 goes through the urban area, and either goes 

through, touches, or avoids the Boston city. This solution 

looks reasonable, as we know that (i) both endpoints of I-

95 are out of the two districts and (ii) I-95 passes through 

the urban area. The solutions for I-90 and I-495 also look 

reasonable. The solution for I-93, however, looks strange. 

Even though both endpoints of I-93 are located out of the 

urban area (figure 9b), the derived solution does not filter 

out such unrealizable relations as �� ����� . 

This is because the current reasoning process does not use 

the commonsense knowledge that the line’s boundary con-

sists of two endpoints, but regard it simply as a point set1 

                                                           
1  On the other hand, in figure 9a, the possibility of 

�� �����   is successfully excluded, because the da-

ta already tells that I-95’s boundary is completely contained in I-

495’s interior. 

I-90

P1P2

P4

P5

P6

P7

P8P3

Boston City

Urban Area

I-90

P1P2

P4

P5

P6

P7

P8P3

I-
9

5

I-
9

5

I-90

P1P2

P4

P5

P6

P7

P8P3

I-9
3



42

This indicates that we can still improve the reasoning mak-

ing use of the structural information of spatial objects. 

 
Table 9. Possible relations between an unvisited highway and two 

districts, derived as algebraically-consistent scenarios. 

Unknown  

relations 

Derived solution (gTLR: goThroughLR,  

gIBELR: goIntoThenBackToEdgeLR) 

[(I-495, Urban),  

  (I-495, Boston)] 

[gTLR, gTLR], [gTLR, touchLR], [gTLR, disjointLR], 

[touchLR, touchLR], [touchLR, disjointLR],  

[disjointLR, disjointLR] 

[(I-95, Urban),  

  (I-95, Boston)] 
[gTLR, gTLR], [gTLR, touchLR], [gTLR, disjointLR] 

[(I-93, Urban),  

  (I-93, Boston)] 

[gTLR, disjointLR], [goIntoLR, goIntoLR],  

[goIntoLR, gTLR], [goIntoLR, gIBELR]  

[gIBELR, gTLR], [gIBELR, gIBELR] 

[(I-90, Urban),  

  (I-90, Boston)] 
[goInto, goInto] 

7. Conclusions 

This paper developed a series of qualitative spatial calculi 

based on the 9-intersection [5]. These calculi can be used 

for qualitative spatial reasoning on topological relations 

between various combinations of objects. Unlike many 

other calculi, the heterogeneous 9-intersection calculi are 

concerned with situations where multiple sorts of objects 

coexist in the same space. However, by integrating sets of 

base relations, composition tables, and converse lists, such 

heterogeneity is no longer an obstacle to conduct spatial 

reasoning in an algebraic framework.  

 In this work, we featured the 9-intersection because of 

its popularity in spatial database studies. However, the re-

cent extension of the 9-intersection, called the 9+-

intersection [15, 19], serves as a more flexible framework 

for modeling topological relations. For instance, the 9+-

intersection can distinguish the topological relations be-

tween two directed lines in , which can be mapped to 

temporal relations between two intervals [15]. Thus, if we 

extend the 9+-intersection into qualitative spatial calculi, 

the resulting 9+-intersection calculi will cover temporal 

calculi as well (e.g., Allen’s interval calculus [1]). In addi-

tion, the 9+-intersection calculi will support topological re-

lations between a directed line and a point/line/region in 

 and, accordingly, it will be useful for integrating know-

ledge about path-landmark arrangements collected by mo-

bile agents. We are planning to develop such 9+-

intersection calculi and provide a library of both the 9- and 

9+-intersection calculi on SparQ [8] and CASL [20] for 

public use. 

 Another interesting future topic is to develop qualitative 

spatial calculi that feature non-topological relations (say, 

cardinal direction relations, relative orientations, distance 

relations, etc.) between multi-domain objects. We expect 

that we can use similar integration techniques for the de-

velopment of such heterogeneous spatial calculi. 
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Abstract

This paper discusses the problem of representing and reason-
ing about the spatio-temporal aspects of events in the context
of the monitoring of complex, multi-agent events, using nat-
ural language input. The proposals discussed in the paper
are used for the development of a system providing assis-
tance to the security staff during a large scale event involv-
ing a large number participants. A subsystem deals with the
SMS messages sent by the security staff (observers) and pro-
cesses the information they convey. The system provides the
security personnel (analysts) with visualisation facilities and
suggestions for actions, and keeps track of the information
exchanged for further use. The paper presents arguments in
favor of the formalism called XRCDC (an extension of the
Region Cardinal Direction Calculus) designed to represent
events and spatio-temporal reasoning about them.

Keywords spatio-temporal reasoning, computer under-
standing of natural language

1. Introduction

The general context of the research

Enhancing the processing of information in real-life situa-
tions where the decision making depends on the quality and
adequateness of the information acquired by the deciding
person or body is an important problem. Typical cases are
situations involving the presence of large concentrations of
people sharing strong emotions and feelings, and participat-
ing in events spanning extended periods of time. In such
situations, an early detection and diagnosis may be decisive
for taking adequate preventive actions.

In those situations, the organizers and/or specific services
(e.g. the police) are responsible for setting up an appropri-
ate security structure. Typically, such a structure involves
at least three categories of agents: observers, analysts (or
decision makers), and operating forces.

The role of human observers is to keep close attention
to what is happening around them and to inform the ana-
lysts at a central crisis management center (CMC) of any
unusual or menacing event they may have observed. Ob-
servers communicate with analysts using appropriate com-
munication channels. The limitations in capacity of those

Copyright c© 2009, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

channels, as well as the structure of the deciding body, may
result in incapacitating bottlenecks in case of critical situa-
tions (such as a large number of simultaneously incoming
messages from different observers). The possible existence
of contradictory pieces of information, and the impossibility
of interpreting all messages in real time may lead to seri-
ous (sometimes critical) misinterpretations of the incoming
messages. Therefore, a partial or total automatization of the
information processing task can be considered to constitute
a very desirable goal.

In this paper, we focus on the particular case of the moni-
toring of sports events, such as large public soccer matches,
where potentially dangerous events can occur at hardly pre-
dictable moments. Because of the particular circumstances
(a noisy and hostile environment) a privileged way of com-
munication is provided by the use of SMS messages. This
requires the development of a specific subsystem using natu-
ral language short messages as input. The task of the system
consists in spying on the flow of natural language informa-
tion from the observers to the central management center
(and in some cases in interacting with the users) and in in-
terpreting and processing information (including doing con-
sistency checking and visualisation). The overall structure
of the system1 is illustrated in Fig. 1.

The main focus of this paper is on the methods used by
the system for processing the spatial and temporal informa-
tion. The central idea is to process the information conveyed
by the messages in terms of events. Those events are located
at various locations, and they occur at definite moments of
the general event. Hence representing the spatial and tem-
poral aspects of the information to be processed is one of the
central functionalities of the monitoring system.

The general considerations of the paper are illustrated by
the study case of a soccer match for which the system is be-
ing implemented. The interest to consider this study case
as an illustration of a much more general situation is clear
considering its complex but transparent information struc-
ture (see section 2.).

1The system presented here (POLINT-112-SMS) is an exten-
sion of the original POLINT system, a question-answering system
developped for the Polish language (Vetulani 1995). Notice how-
ever that the considerations in this paper are meant to be language-
independent.
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Figure 1: The POLINT-112-SMS system (Vetulani et al.
2008)

The spatio-temporal component

As already mentioned, the main function of the system is
to provide information to the CMC and to assist the deci-
sion makers in their decisions about security matters. These
decisions are based upon the knowledge gathered by the in-
formers and on the inferences and conclusions that may be
derived from it. As a consequence, concerning the specific
aspect of temporal and spatial knowledge, the system is sup-
posed to allow to represent the information gathered from
the sources and to perform necessary reasonings.

Reasoning

The reasoning activity may involve various tasks, such as
deciding the right time for a specific action, identifying the
components of a complex event and characterizing its tem-
poral structure, deciding that events (in a sequence of events)
may be causally related (e.g. an explosion followed by a
movement of the crowd) or not (the same events in the re-
verse order). A specific reasoning activity is also required
by the component of the system that provides the user with
visualisation tools (to be discussed more in detail below).

Main components of the representation

The representation formalism is based upon a set of primi-
tive notions:

• events, which are spatio-temporal entities with a temporal
span (an interval) and a spatial extent (a region);

• relations between events, especially qualitative relations,
including purely temporal relations (such as precedence)
and purely spatial relations (such as inclusion or overlap-
ping);

• anchoring relations, which provide anchors from the
events to a referential 3D space (spatial anchoring) and
a time line (temporal anchoring);

• individuals, which may take part in the events with a spe-
cific role (witness, actor, victim, etc.);

• groups of individuals.

Events, which are the central notion in this framework,
are complex entities. From the point of view of the spatio-
temporal model, their temporal span and spatial extent are
primary properties used in reasoning. For instance, two
events such as : X insulting Y and : Y striking X will be
candidates for a causal interpretation if the temporal span of
the first event immediately precedes that of the second, and
the spatial extents of both events are in a relation of prox-
imity. This of course will require that the two individuals
referred to as X and Y are correctly identified as participants
in those events with suitable roles.

Further requirements

The notion of an individual participating in a given event is
of a complex nature: different individuals may participate in
an event (for instance a war) during various periods which do
not necessarily coincide with the temporal span of the event
itself. The system has to provide suitable ways of dealing
with this fact.

One function of the system is to suggest preventive ac-
tions to be taken. Subsequently, decisions about taking those
actions can be made. The system, and in particular its visu-
alisation component, should therefore allow the possibility
of representing the consequence of a decision which has not
yet been made (such as a special color or mode of appear-
ance on the screen).

A further step toward the representation of non-existing
events is to provide the user with tools for hypothetical rea-
soning (for instance, based on not yet implemented deci-
sions).

Partial or fuzzy knowledge about events also has to be
accommodated. As will be discussed below, many quali-
tative formalisms allow the representation of partial knowl-
edge about relations between events, and we use this facility
in the system. Suitable ways of visually representing fuzzy
or partially determined events have to be determined.

2. The spatio-temporal component: general

principles

The input is represented in a conceptual space (Gärdenfors
2004) of events which possesses a spatial and a temporal
dimension.

Since the point of view of various informers may give var-
ious kinds of biases to the pieces of knowledge, the system
has the capability of representing various views of a situa-
tion: the view of the system, and the views of various in-
formers. According to the view considered, various degrees
of reliability can be assigned according to the informer.

The static structure of a stadium

A stadium as a static element has a well-defined structure
with hierarchical aspects: there is the playing field (but see
below) and there are tribunes which are subdivided into sec-
tors, ranks, exits, etc. Most of the action, from the point
of view of security, is likely to happen outside the playing
field (excepting the rare possibility that groups of supporters
or spectators enter the playing field). So the main locations
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will refer to regions in the part of the stadium where specta-
tors and supporters are present.

The a priori knowledge

The situation of a soccer game involves a great deal of a
priori knowledge about what a game is and what has to be
expected from the supporters (and players) in a “normal”,
undisturbed game, in order to detect the abnormal, poten-
tially dangerous situations as soon as possible.

As a process, a soccer game has a well-defined structure,
which implies consequences for the temporal and spatial
structures: the teams are supposed to play for well-defined
durations at well-defined locations, one of the main distinc-
tions being between the two periods. Each event has to be
inserted in this pre-existing frame, and part of the reasoning
and decisions to be taken depend on the particular temporal
environment of this event.

The system of representation of knowledge has to inte-
grate all these elements. Various aspects have to be consid-
ered and represented using adequate formalisms.

3. Active map (AM) and initial events (IE)
Our proposal is that the processing of spatio-temporal infor-
mation in the system is mediated through the maintenance
of an animated visualisation component which we call the
active map (AM).

The active map allows the representation of events based
on a fixed background representing (in the case of infor-
mation concerning the stadium) the stadium itself. On this
fixed background gradually appear representations of events
as the information accumulates due to the processing of the
messages. Each new message either generates a new ele-
ment of representation, or adds information to a pre-existing
one. In the first case, this will trigger the generation of an
initial event (IE) with a set of features associated to it.

As an illustrative example, assume that the system has to
process the following message: Some supporters in sector 4
are throwing rocks at the security personnel.

This message triggers the creation of an initial event with
this text as an associated text, and the following set of fea-
tures:

• source (the observer)

• actors (acting agents: supporters; patients: security per-
sonnel)

• location (sector 4)

• temporal span (time during which the event happened)

• time of reception (time of reception of the message)

• action (type of action: throw; instruments: rocks)

• aspectual type (on-going event)

4. Introducing new events in the active map
The system receives a sequence of messages. For each new
message, either a new Initial Event is created, and then if
co-references are detected to some previous initial event the
decision has to be made to graft the new information onto
this pre-existing event, hence adding new information to it.

As an example of grafting, let us consider the follow-
ing message by the same informers: Some among them are
wielding baseball bats. First a new IE is created :

• source (the informer)

• actors (agents: subset of supporters; patients: none)

• location (sector 4)

• temporal span (coincides with that of the previous event)

• time of reception of the message

• action (type of action: wield; instruments: baseball bats)

• aspectual type (on-going event)

Here the system detects co-references:

• the same source;

• actors: the agents are subset of the original set of agents,
there are no patients;

• the same location

• the same aspectual type of action

So, the system could decide to add new features (for ex-
ample : presence of potential weapons) to the representation
of the first IE in the active map.

5. Using the active map

The overall goal of the spatio-temporal component is to as-
sist decision making from the part of the security personnel.

Events are present in the active map in various forms. In
order to visualize the kind of tool the active map constitutes,
one might think of the traditional maps used by the army.
In the General Headquarters of World War II, officers used
pins, small flags or any other gadgets indicating the locations
and moves of the various troops in order to evaluate the sit-
uation and to take appropriate decisions. The AM is meant
as a sophisticated version of such traditional maps. The idea
of building active maps is closely related to previous work
on the visualisation of military campaigns described in the
literature (Ligozat, Nowak, and Schmitt 2007). Here, the
active map is based on a static background representing the
stadium. Events are represented by schematic images, but
also can have sounds, colored lights, blinking lights asso-
ciated to them. These representations can be interrogated
e.g. clicking on them would provide the original texts which
resulted in the generation of the initial events (still to be im-
plemented). The active map also provides zooming facilities
which allow the user to “take a closer look” at local situa-
tions if necessary.

6. Requirements for the spatio-temporal

components

As already mentioned above, the languages used to represent
the temporal and the spatial structures of the events have
to allow the representation of qualitative or indeterminate
information. Such formalisms as those derived from Allens
calculus (Allen 1983), such as the rectangle calculus or the
region cardinal direction calculus have this property.
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The choice of a suitable language of representation de-
pends on making decisions about the parameters of the tem-
poral and spatial representation which imply answering the
following questions:

1. Ontological questions: of what type are the objects to be
represented? Can they be abstracted as points, lines, re-
gions with geometrical shapes, connected regions, to cite
only a few possible choices?

2. Nature of the information: is it quantitative (the kind of
information a robot receives from its sensors) or predomi-
nantly qualitative (as is mainly the case with the informa-
tion carried by natural language)?

3. Nature of the surrounding space: can we make use of
global systems of reference (like north, south, for in-
stance) or do we have to be content with local frames of
reference (typically, the frame of reference represented by
some moving person or object)?

4. What is the dimension of the surrounding space? Can we
reason in 2D, in an augmented version of 2D (for instance
with a finite number of 2D levels), or do we need a full
3D space?

5. Nature of the kind of spatial relations we want to repre-
sent. If one looks at the state of the art in the domain of
qualitative spatial reasoning, three main types of relations
have been predominantly studied: topological informa-
tion, that is relations such as containment, partial overlap,
having adjacent boundaries, or disjointedness; directional
information, with respect to some frame of reference; and
qualitative distance information (near, far, very far).

6. Is time continuous or discrete? In the representation of
linguistic data, continuity is usually assumed (since it is
a property of language that it is able to “open up” any
event and re-consider a previously punctual situation and
present it in a second consideration as an extended one).
It has to be remarked, however, that many formalisms can
accommodate both a continuous and a discrete interpreta-
tion. This is in particular the case of Allens calculus.

7. Questions linked to the way of anchoring the abstract
model to the actual situation: for instance, a match in-
volves absolute temporal landmarks (beginning of the
game, end of the game, half-period, additional time) as
well as occasional, or contingent temporal landmarks (im-
portant events of the game such as goal, penalty, and so
on).

7. Choosing a formalism

Since the input to the system is of a linguistic nature (written
or spoken natural language), it is to be expected that most of
the spatial information to be processed will be of a qualita-
tive nature; even such expressions as about 50 meters from
me may be interpreted in a qualitative, imprecise sense.

The entities to be represented are individuals, groups, or
regions. One can argue that an individual can be seen as
(small) region in which this person can be located at a given
time. As for the temporal dimension, Allens calculus is

A

B

Figure 2: The rectangle calculus

based on intervals, but time points can also be easily accom-
modated, using for instance the point-and-interval calculus.

The environment, be it inside the stadium or around it, is
very clearly structured by the presence of the stadium and its
various subdivisions, as well as by the surrounding parts of
the city. It seems reasonable, for this reason, to use a global
frame of reference, most of the events being presumably lo-
cated with respect to the frame of reference offered by the
environment.

Because of the presence of this fixed frame of reference,
formalisms using directional information may be given a
preference. Such are the rectangle calculus, a 2-dimensional
extension of Allens calculus (first proposed by Guesgen in
(Güsgen 1989)), and the region cardinal direction calculi.

8. The rectangle calculus and the region

cardinal direction calculus

The rectangle calculus

The rectangle calculus considers objects which are rectan-
gles whose sides are parallel to the axes. Given such a rect-
angle as a reference, the qualitative position of any other
rectangle can be described using the projections on the axes
of coordinates, which are intervals (Fig. 2). Hence those
positions are described by a pair of Allens relations. For
instance, in Fig. 2, rectangle A is in relation (oi, mi) with
respect to rectangle B, since the horizontal projection of A
is overlapped by that of B (Allens oi relation) while the ver-
tical projection of A is met by that of B (Allens relation mi).

One obtains in this way a formalism whose composition
table, which is the main tool for propagating knowledge, is
basically Allens table. The formal properties of the calculus
have been extensively studied by Balbiani, Condotta, and
Fariñas del Cerro (Balbiani, Condotta, and Fariñas del Cerro
1998; Balbiani, Condotta, and Fariñas del Cerro 1999).

The rectangle calculus can be easily extended to a calcu-
lus about rectangles, points and lines, with the restriction
that the lines have to be parallel to the axes. For objects hav-
ing other shapes, the simplest method consists in replacing
them by their minimal bounding rectangle. For instance, in
the case of Fig. 3, the two regions A and B have two min-
imal bounding rectangles mbr(A) and mbr(B), and their
relative position can be encoded as a rectangle relation.
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B

A

Figure 3: Two objects and their minimal bounding rectan-
gles

The drawback is that much information can be lost in this
way. For instance, disjoint objects may have overlapping
rectangles. This is illustrated in the same figure, where two
objects A and B which are disjoint have overlapping bound-
ing rectangles.

The Region Cardinal Direction Calculus

The basic cardinal calculus deals with points in 2D space
and the eight basic cardinal directions N, S, E, W, NE, SE,
NW, SW, augmented by the identity relation eq. Actually,
the basic cardinal direction calculus is a 2D version of the
time-point calculus, in the same way as the rectangle cal-
culus is a 2D version of Allens calculus. It has also been
studied extensively and its formal properties are well known
(Frank 1992; Ligozat 1998).

In order to deal more precisely with arbitrary extended
regions in 2D space, an extension of the cardinal direction
calculus, called the RCDC (region cardinal direction calcu-
lus) has been proposed by Goyal and Egenhofer (Goyal and
Egenhofer 2001) as well as by Skiadopoulos and Koubarakis
(Skiadopoulos and Koubarakis 2001; 2004).

The starting point of the representation consists in consid-
ering the nine regions (called tiles) defined by the minimal
bounding rectangle of a reference object B (Fig. 4). Eight
of them, labelled N, S, E, W, NE, SE, NW, SW, are infinite
regions. The minimal bounding rectangle itself, labelled O,

NW N NE

W B

SW S SE

E

A

Figure 4: The region cardinal direction calculus

constitutes the ninth tile. In this way, the position of any
region A can be described by listing the set of tiles which
intersect the interior of A. Alternatively, it can be described
by a boolean array dir(A,B) of length 9 listing whether A
has a non-empty intersection (denoted by 1) or an empty in-
tersection (denoted by 0) with each of the nine tiles NW, N,
NE, W, O, E, SW, S, SE, in that order. For instance, in Fig. 4,
the relation of A with respect to B is (N:NE:E), or, using the
boolean array dir(A,B) = [0, 1, 1, 0, 0, 1, 0, 0, 0].

The RCDC possesses very interesting properties: it deals
with (connected) regions in the plane and, although still
based on the same basic relations, allows a finer expression
of the relative positions of more general regions.

Because of its extended base, the RCDC also implicitly
encodes topological information (as does the rectangle cal-
culus). For instance, referring back to Fig. 4, the fact that
A and B do not intersect is a consequence of the stronger
fact that A does not intersect the tile containing B, and this
fact is encoded in the representation (O does not belong to
(N:NE:E)). Moreover, the RCDC may be considered as a re-
finement of the rectangle calculus. Recent results (Zhang et
al. 2008) show that basically it allows to consider a spatial
configuration as “pixelized” by the objects present in the en-
vironment, so that those “pixels” can be used to characterize
a “silhouette” of each object which is finer than its bounding
rectangle. This means also in particular that, if we decide
to replace the objects by their minimal bounding rectangles,
we get in substance the rectangle calculus.

9. Representing spatio-temporal information

We use the RCDC for the representation of spatial relations,
and we add to it a temporal dimension, which is also inte-
grated to the framework of the RCDC, yielding a calculus
called the XRCDC, the Extended Region Cardinal Direction
Calculus. An advantage of this choice is that space and time
are treated in the same way and that the corresponding for-
malisms have been studied in depth. In particular, their the-
oretical complexity has been determined, and a whole range
of algorithms has been developed to solve the basic reason-
ing problems. An important point is that using the XRCDC
formalism allows us to process information more precisely
than using the rectangle calculus. Let us analyse the fol-
lowing example: The fight started during the meeting, to the
south of and touching the place of the meeting. After the
meeting finished, the fight had also extended to the meeting
place. Fig. 5 (a) and Fig. 5 (b) show a graphical interpreta-
tion of the scene in projection on one of the spatio-temporal
planes (the T-S plane) using the XRCDC formalism and the
rectangle calculus respectively.

It is clear that using techniques based on the extension of
Allens algebra may cause distortions and even errors, which
is a critical shortcoming for a public security application.
For example, interpreting Fig. 5 (b) we may conclude that
the fight and the meeting were localized in the same place
for some period of time, which is not true (cf. Fig. 5 (a)) and
may lead to inappropriate decisions.
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Figure 5: Comparison of two techniques: (a) the XCDC, (b)
the rectangle calculus

An example of the use of the XRCDC

The following example shows how the XRCDC formal-
ism, as described in (Osinski 2009), is applied within the
POLINT-112-SMS system.

Let us consider three objects located in the analysed area
(part of a stadium) represented in the active map (Fig. 6).
The information about these object is expressed in natural
language by the following English sentences: Sector A is to
the north with respect to sector B and touches it. Sector A is
to the east with respect to the soccer ground and touches it.
Sector B is to the east of the soccer ground and touches it.
We also assume that the soccer ground was chosen to be the
central point of the map.

Now suppose that a new text message is sent by an in-
former to the security system: The meeting took place in
front of sector A (between A and the soccer ground), close
to sector A. The fight started just after the meeting, to the
south with respect to the meeting place, and close to this
place. In the first step of the processing the phrase “in
front of” is interpreted as the relative direction relation r-
in-front, the sentence “to the south of” as the absolute direc-
tion relation r-south, the phrase “just after” as the time rela-
tion r-after and time distance r-right, and finally the “close
to” and “touching” as the distance relation r-close and r-
touch respectively. The objects are represented by their
unique identifiers, id-fight, id-meeting and id-sectorA. Then
the second step is the generation of a ts-relation structure.
We denote by dir[D1,D2](X,Y) the direction-relation ma-
trix for the projection on the (D1,D2) plane representing
the localization of X with respect to Y (e.g. for Fig. 4,
dir(B,A)=[0,1,1,0,0,1,0,0,0]). The qualitative parameters
s-dis and t-dis represent qualitative spatial and temporal dis-

Figure 6: The analysed area in the projection on the soccer
ground plane

tances.

Other elements of the ts-relation structure (in particular
the direction-relation matrix) are generated using predefined
conversion rules. In the case of the r-in-front-of relation it
is necessary to indicate the absolute direction relation be-
tween sector A and the soccer ground which is the cen-
tral point of the map. This allows us to infer the abso-
lute direction relations between the meeting place and sec-
tor A from the relative ones. In the case where informa-
tion is missing (or is not precise enough) we have to take
into account all possible situations. In the example anal-
ysed here, conversion rules describe both r-south and r-after
relations as independent and fill all the tiles in direction-
relation matrices. Finally the two following ts-relation struc-
tures are added to the system knowledge base: ts-relation(id-
meeting, id-sectorA, [0,0,0,1,0,0,0,0,0], [0,0,0,0,0,1,0,0,0],
[0,1,0,0,1,0,0,1,0], [0,1,0,0,1,0,0,1,0], [1,0,0,1,0,0,1,0,0],
[0,0,1,0,0,1,0,0,1], 3, 0), and ts-relation(id-fight, id-meeting,
[0,0,0,0,0,0,0,1,0], [0,1,0,0,0,0,0,0,0], [1,0,0,0,0,0,0,0,0],
[0,0,0,0,0,0,0,0,1], [0,1,0,0,0,0,0,0,0], [0,0,0,0,0,0,0,1,0], 3,
2). It is worth noticing that before any new relation is added
to the knowledge base a consistency check is performed in
order to check whether or not this relation is consistent with
the set of relations already stored in this knowledge base. If
the new relation is incompatible, the old relation will be re-
moved as we assume that in a dynamic environment a new
information (if it comes from a reliable informer) is always
to be considered as more truthful then the old one. (This is a
strong assumption which may have to be modified according
to the context.)

Now suppose the new text message comes from an-
other informer: I am in sector B. Where was the meet-
ing? Leaving aside the new information to be added into
the system knowledge (actual position of the informer),
we can interpret this message as a question about the
space relation between the two considered entities: the
fight and sector B. In this situation the get-space-relation
algorithm is applied. In the first step it looks for ts-
relation(id-meeting, id-sectorB,) or ts-relation(id-sectorB,
id-meeting,) structures. There this search fails as there
is no information of this type in the system knowledge
base. However this knowledge base contains the fol-
lowing two structures: ts-relation(id-sectorA, id-sectorB,
[0,1,0,0,0,0,0,0,0], [0,0,0,0,0,0,0,1,0], [0,0,1,0,0,1,0,0,1],
[1,0,0,1,0,0,1,0,0], [0,1,0,0,1,0,0,1,0], [0,1,0,0,1,0,0,1,0], 2,
0) and ts-relation(id-meeting, id-sectorA, [0,0,0,1,0,0,0,0,0],
[0,0,0,0,0,1,0,0,0], [0,1,0,0,1,0,0,1,0], [0,1,0,0,1,0,0,1,0],
[1,0,0,1,0,0,1,0,0], [0,0,1,0,0,1,0,0,1], 3, 0).

These structures can be used in the second step of the get-
space-relation algorithm performing the composition of car-
dinal direction relations. Composition is realized for both
dir[N,E] matrices in the ts-relation structure definition. As
a result we get the following direction relation matrices:
dir[N,E](id-meeting, id-sectorB) = [1, 1, 0, 0, 0, 0, 0, 0, 0],
dir[N,E](id-sectorB, id-meeting) = [0, 0, 0, 0, 0, 0, 0, 1, 1].
Now, using the appropriate conversion rule, these matrices
can be translated into the absolute direction relation r-north-
west. The distance relations are composed also by analysing
the dir[N,E](id-meeting, id-sectorB) matrix. As a result we
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Figure 7: The graphical interpretation of the knowledge
about the events collected in the system consists of (a) the
projection on the north-east plane, (b) the projection on the
time-north plane, (c) the projection on the time-east plane

get the relation r-far. The message received by the informer
would correspond to the following sentence: The fight took
place to the north-west and far from sector B.

Similarly we can ask for the time relation between the
fight and the meeting. In the example discussed the answer
may be found in the first step of searching as the appropri-
ate ts-relation structure is already in the database. However
the relation can be also computed using the composing al-
gorithm if necessary. In such a situation the composition
is realized for the dir[T,N] and dir[T,W] matrices in the ts-
relation structure.

Sometimes adding information about the ensuing event
may be not enough for the visualisation module. In such
a situation the visualisation module must request the exact
(absolute) location of the event. Receiving an answer (from
other system modules or from a human operator) exempts it
from reasoning. From the point of view of visualisation the
precise localization of events is necessary, otherwise visuali-
sation could display a distorted view of the situation. In case
of a lack of precise information it is necessary to adjust the
image from the visualisation module to the precision level
the system has (e.g. we can say that X is in the stadium if we
do not know in which sector it is exactly). Solutions of this
type also protect us from the situation where the get-space-
relation algorithm would not be able to find the specific rela-
tion. The system executes the find-location algorithm which
uses a predefined ordered list of objects and relations. They
determine the sequence in which objects should be searched
(first look for seats, then entrances, communication routes,
sectors, groups, people, and if all this fails choose the whole
stadium as a reference point) and which relations should
be chosen (prefer the r-in relation and small distances). In

the example analysed, the reference point would be sector
A with the direction relation r-west and distance relation r-
close.

Analysing concurrently time and space relations can also
help us to discover deeper dependencies between objects.
For example, as we know that the fight was located very
close to the place of the meeting and started just after it, we
may assume that the fight was initiated by people attending
the meeting.

10. Conclusions

We have discussed the questions raised by the development
of a spatio-temporal module for representing and reasoning
about the events involving the participation of a large num-
ber of people (such as an international soccer match in pres-
ence of an emotional crowd) in the context of the construc-
tion of a system assisting the security personnel. We have
examined various requirements of such a construction, and
proposed a number of solutions. In particular, we have de-
signed and implemented a visualisation facility, the active
map, which involves the use of the XRCDC formalism, a
temporal extension of Region Cardinal Direction Calculus.
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Abstract 

Commonsense reasoning, in particular qualitative spatial 
and temporal reasoning (QSTR), provides flexible and 
intuitive methods for reasoning about vague and uncertain 
information including temporal duration and ordering, and 
spatial orientation, topology and distance. Despite 
significant theoretical advances in QSTR, there is a distinct 
absence of applications that employ these methods.  The 
central problem is a lack of application-level standards and 
metrics that developers can use to measure the effectiveness 
of their QSTR applications.  To address this we present a 
fundamental metric called H-complexity that quantifies the 
expressiveness of QSTR systems according to the number 
of distinct scenario classes that can be encoded.  In this 
paper we show that H-complexity can be employed in a 
range of powerful and practical ways that support QSTR 
application development.  To illustrate this, we present two 
examples: calculating test coverage for validation, and 
quantifying the reduction in expressiveness due to 
constraints.  We thereby demonstrate that H-complexity is a 
useful tool for determining whether a QSTR system meets 
the needs of a specific application. 

Introduction
      

Commonsense reasoning aims to address the limitations of 
purely numerical systems, by providing coarser and more 
intuitive knowledge representation and reasoning 
techniques (Kuipers, 1994).  The subdiscipline of 
qualitative spatial and temporal reasoning (QSTR) aims to 
formalise our intuitive understanding of everyday physical 
relationships such as size, orientation, topology, and 
distance, and temporal relation-ships such as ordering, 
coincidence, and duration (Cohn and Renz, 2007).  A 
seminal example of QSTR is Allen’s interval calculus 
(Allen, 1983) which defines a set of thirteen atomic 
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relations between time intervals, and an algorithm for 
reasoning about networks of temporal relations, e.g. (where 
• is a composition operator) 
 t1 before t2 • t2 contains t3 = t1 before t3 
 t1 overlaps t2 • t2 during t3 = 
    t1 (overlaps, or during, or starts) t3 
 Despite significant theoretical advances, there is a 
distinct absence of applications that make use of these 
techniques (Dylla et al., 2006).  The central problem is the 
significant lack of support for adapting and integrating 
existing QSTR methods with other domain specific 
qualitative spatial and temporal models.  Specifically, there 
are no methods for assessing the quality of a QSTR system 
or comparing QSTR systems to determine which one is the 
most effective for solving a given problem. 
 Most of the existing research on QSTR analysis has 
focused on proving correctness of composition 
(Wölfl et al., 2007), characterising reasoning complexity 
(Vilain et al., 1989) and determining tractable subsets of 
well known formalisms (Nebel and Bürckert, 1995).  
While it is important to know when a problem is NP 
complete, reasoning complexity cannot be used by the 
developer to determine whether the particular QSTR 
system addresses the task at hand, how a change to the 
system will impact its effectiveness, or how QSTR 
application validation can be performed to ensure that the 
application is fit for purpose. 
 To address this we present a fundamental metric called 
H-complexity that quantifies the expressiveness of a given 
QSTR system, in terms of the number of distinct scenario 
classes that can be encoded by the system.  The developer 
can use expressiveness to guide application design in a 
range of powerful ways, for example: 
(i) comparing different QSTR systems to help determine 

whether one is more suitable than the other; 
(ii) calculating test coverage during the validation phase 

of development to quantify confidence in the 
application being fit for purpose; 
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(iii) quantifying the reduction in expressiveness due to 
constraints to assist in developing a test plan. 

In this paper we derive a very simple equation for 
calculating H-complexity, and we consider two 
applications addressing points (ii) and (iii) above, where 
we derive very simple equations and a reference table for 
improved runtime efficiency.  We thereby demonstrate that 
our complexity metric is a flexible and effective tool for 
supporting the development of QSTR applications.   
 The remainder of the paper is structured as follows.  In 
the following section we review the basic theory of QSTR 
systems.  We then derive H-complexity in two steps.  
Firstly we define the concept of homogeneous sets as the 
fundamental folding of objects into equivalence classes 
permitted by the QSTR language.  We then use 
homogeneous sets to quantify QSTR expressiveness by 
identifying a one-to-one relationship between accessible, 
unique subsets and scenario classes.  In the succeeding 
section we derive methods for calculating homogeneous 
sets in relations of any arity.  We then present two methods 
for employing H-complexity: calculating test coverage for 
validation, and quantifying the reduction in expressiveness 
due to constraints.  In the final section we present the 
conclusions of this paper. 

Foundations of QSTR 

Informally, QSTR applications model, infer, and check the 
consistency of object relations in a scenario.  We will 
define QSTR applications in terms of model theory 
(Marker, 2002; Hodges, 1997) and then define the roles of 
QSTR application designs and users. 

We use the notation 
�
 to represent the exponent 

operator, x
�
y=x

y
.  In model theoretic terms, a language L 

(or vocabulary, or signature) is a finite set of relation 
symbols R and arities aR for each R∈R.  A model M of 
language L (or L-structure, or interpretation) consists of a 
universe U (or domain, or underlying set) and for each 
relation symbol R∈R there is a set RM ⊆ U ↑aR.  That is, M 
provides a concrete interpretation of the symbols in L 
based on the underlying set U.  Finally, a scenario (or 
configuration, or substructure) is a model V that can be 
embedded into M, that is, an injective homomorphism 
f:V→U exists such that, for each R∈R with arity a, 

∀ v1,…,va∈V
a
 ⋅ (v1,…,va)∈RV ↔↔↔↔ (f(v1),…,f(va))∈RM. 

A QSTR application has a language L that specifies the 
set of relation symbols that the designer has deemed 
relevant to the task at hand.  The model M of a QSTR 
application is the interpretation of the relations, 
implemented using constraints between the relations (what 
objects must, or must not, exist in different combinations 
of relations).  For each relation type R∈R with arity aR, 
and for each tuple of arity aR, the relation either holds, does 
not hold, or is not applicable for that tuple.  Thus, for each 
relation symbol R∈R in the language, a QSTR application 
model M requires three sets, RM

+
 (holds), RM

−
 (does not 

hold) and RM
~
 (not applicable), with the axiom 

Axiom 1. ∀ R∈R ⋅ U ↑aR = RM
+
 ∆ RM

−
 ∆ RM

~
,  

where ∆ is symmetric difference (the set theoretic 
equivalent of mutual exclusion).  For brevity we will omit 
the M and simply write R

+
. 

The application designer is responsible for selecting an 
appropriate set of relation symbols and encoding an 
appropriate set of constraints.  A QSTR application user 
can then construct scenarios by specifying a model V and 
reasoning is used to determine whether the scenario is 
valid with respect to the model M (by proving that V can 
be embedded in M).  Table 1 relates these roles to the 
formal semantics in model theory and QSTR applications. 
 Often parts of the user’s scenario are indefinite or 
unknown, and reasoning with the application constraints is 
used to help resolve this ambiguity.   For each relation 
R∈R, the user can place tuples (of objects from V) with 
arity aR in a fourth indefinite set, RM

?
 that is mutually 

exclusive with the three corresponding definite sets.  This 
is a shorthand for specifying a set of models V1,…, Vn  
each representing a possible scenario. 
 An example of a scenario is 

V={kitchen, lounge, study}  
adjacent

+
 ={(lounge, study), (lounge, kitchen)}  

adjacent
?
 ={(lounge, lounge), (study, lounge), …}  

adjacent
−
 ={}.  

The adjacent relation can be defined as symmetric using 
the constraint {(x,y) | (y,x) ∈ adjacent

+
} ⊂ adjacent

+
.  The 

LHS of the constraint as evaluated in the scenario is 
{(study,lounge), (kitchen,lounge)}.  The RHS as evaluated 
in the scenario does not contain these tuples as required by 
the proper subset relation, and so reasoning moves the 
offending tuples out of adjacent

?
 and into adjacent

+
 thus 

satisfying symmetry. 
 

Model 

Theory 

QSTR Application 

Domain 
Actor 

language L specification of useful 

qualitative relations 

model M  

based on L 

constraints that determine 

the interaction between the 

relations 

QSTR 

application 

designer 

model V  

based on L 

embedded in M 

Using a QSTR application to 

represent and reason about 

objects. 

QSTR 

application 

user 

Table 1. Comparing the domains of model theory, QSTR 

applications, and the roles of QSTR application designers and 

users. 

Homogeneous and Definable sets  

In model theory (Marker, 2002), a set X is definable in 
model M if there is some formula φ such that 
X={(v1,…,vn)∈U 

n 
| M φ(v1,…,vn)} (where entails  

means that the formula is true in M).  Alternatively, if no 
formula exists that can separate two objects, then the 
objects are considered equivalent, and we say that they are 
in the same homogeneous set.  Let H={h1, …, hn} be a set 
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of homogeneous sets, where each hi ⊆ U.  By definition, 
h1, …, hn partition U, that is, they are mutually exclusive 
and jointly exhaustive.  A homogeneous set h is evaluated 
in scenario s, s(h) ⊆ V. 
 All possible queries are equivalent to some union of 
homogeneous sets.  We define a query q to be a set of 
homogeneous sets q={hx,…,hy}, and we say a query q is 
executed in scenario s, s(q)= s(hx)∪…∪s(hy). 

Constraints 

The model of a QSTR application is defined by constraints 
between the qualitative relations.  If a scenario does not 
satisfy a constraint then reasoning attempts to move the 
offending tuples out of indefinite sets (R

?
) and into one of 

the definite sets (R
+
, R

−
, or R

~
).  If offending tuples are not 

indefinite then reasoning has identified a contradiction and 
the scenario is inconsistent. 

Let constraint c = X δ Y, where δ∈{⊂,⊆,⊄,≠,=,…} is a 
set comparison and X, Y are set expressions that are 
evaluated in scenarios.  Set expressions are either sets, or 
the result of set operations. 
 We now define the complete set of possible comparisons 
from which δ can be selected.  Two sets LHS, RHS either 
share some objects, or they do not.  The degree of overlap 
can be used to define all possible set relationships.  Let 
LHS = hw∪…∪hx and RHS = hy∪…∪hz, let 
qLHS={hx,…,hy} and qRHS={hx,…,hy} (queries for LHS and 
RHS respectively).  Let 

qL= qLHS / qRHS   (H sets exclusively in LHS) 
qR= qRHS / qLHS   (H sets exclusively in RHS) 
qLR= qLHS ∩ qRHS  (H sets in both LHS and RHS) 

For any pair of sets LHS and RHS, the queries qL, qR, and 
qLR will evaluate to be either empty or non-empty, giving 
2

3
=8 different basic set comparisons, as illustrated in 

Table 2.  In each table entry, the outer circle represents the 
set of all scenarios, and three inner circles each represent a 
subset of scenarios where a condition holds.  The top left 
circle specifies those scenarios where H sets in the query 
qL are empty, s(qL)=∅ and so on.  For example, the 
constraint X = Y is satisfied in exactly those scenarios 
where both qL (elements exclusively in X) and qR (elements 
exclusively in Y) evaluate to empty and qLR (elements 
shared by both X and Y) is not empty.  The comparison δ 
can consist of any disjunction of these basic set 
comparisons (e.g. ⊆ is = ∨ ⊂), thus there are 2

8−1 = 255 
possible comparisons. 

Basic Combinatorics 

Finally, we provide some basic equations from 
combinatorics that will be used in the paper.  The size of 
the powerset of set X is 2

|X|
.  The number of subsets that 

contain elements from either set X or set Y is 2
|X ∪ Y|

, the 
number of subsets that contain all elements from X and not 
Y is 2

|X / Y|
, and the number of subsets that contain all 

elements from X and neither Y nor Z is 2
|X / (Y ∪ Z)|

.   

 

δ scenarios 

(shaded=valid 

scenarios) 

 δ scenarios 

(shaded=valid 

scenarios) 

= 

 

 ∩ 

 

⊂ 

 

 =∅ 

 

⊃ 

 

 ⊂∅ 

 
+∩≠

 

 

 ⊃∅ 

 

Table 2. Eight basic relationships between sets derived from the 

overlap between H sets.  Outer circles represent the set of all 

scenarios, and three inner circles each represent a subset of 

scenarios where a condition holds.  Shaded regions represent 

scenarios that satisfy the set relationship. 

 
 Equivalently, we use bit-string encodings, where the 
number of unique combinations that can be represented by 
a bit-string of length n is 2

n
.  The number of combinations 

of two bit-strings of length n1 and n2 is 2
n1+n2

.  If m bits are 
fixed in a bit-string of length n then the number of unique 
combinations that contain the m fixed bits is 2

n −m
.   

 Table 3 gives some equations for calculating the 
number of scenarios that satisfy conditions required by 
constraints.  For example, in each table entry the top left 
circle specifies those scenarios where H sets in the query 
qL are empty, s(qL)=∅, and the number of such scenarios is 
2

|H / qL|
 = 2

|H|− |qL|
.  To understand this, consider a bit-string 

of length n=|H|, where m=|qL| bits are fixed to ‘0’ 
(representing that s(qL)=∅); the number of unique 
combinations that this bit-string allows is 2

n − m
 = 2

|H|− |qL|
.  

Scenarios where H sets in both qL and qR are empty, 
s(qL)=∅ ∧ s(qR)=∅ is 2

|H / (qL ∪ qR)| 
= 2

|H|−|qL|−|qR|
 (recall that, 

by definition, qL and qR are mutually exclusive).  A 
bit-string of length n=|H|, where m=|qL ∪ qR|=|qL|−|qR|, bits 
are fixed to ‘0’ admits 2

n − m
 = 2

|H|−|qL|−|qR|
 unique 

combinations.   

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 
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formula scenarios 

(shaded=valid scenarios) 

2
|H|−|qL| 

 

symmetric with 

2
|H|−|qR| 

 

2
|H|−|qLR| 

 

2
|H|−|qL ∪ qR| 

 

symmetric with 

2
|H|−|qL ∪ qLR| 

 

2
|H|−|qLR ∪ qR|

 
 

2
|H|−|qL ∪ qR ∪ qLR|

 

 

Table 3. Combinatorial formulae for calculating the number of 

scenario classes that satisfy particular conditions. 

 

H-Complexity 

In this section we present the central theory of 
H-complexity.  H-complexity is a measure of the number 
of different scenario classes that can be encoded by a given 
QSTR language.  It identifies the most extreme partitioning 
of objects that the language allows, so that all other 
practical partitioning schemes will consist of some subset 
of the distinctions made in H-complexity. 

Homogeneous Sets 

If no possible set theoretic query exists that can separate 

two objects, then the objects are considered equivalent.  

This inherent limitation fundamentally folds objects into 

homogeneous sets, or H sets, providing the foundation for 

a measure of expressiveness or complexity.  H sets 

represent the maximum refinement permitted by the QSTR 

language, i.e. the point where no further distinctions are 

possible.  Thus, H-complexity = |H|. 

Assume for simplicity that all relations have an arity of 1 
(i.e. they represent qualitative properties such as round or 
large).  If there are n relations, and each relation is 
represented by four sets, then there are 4

n
 different 

combinations of these relations, i.e. 
 
 
 
 

1.  R1
+
 ∩ R2

+
 ∩ ... ∩ Rn

+
, 

2.  R1
−
 ∩ R2

+
 ∩ ... ∩ Rn

+
,
 

... 

4
n
. R1

~
 ∩ R2

~
 ∩ ... ∩ Rn

~
. 

In general, 
|H|=∏R∈R |HR| (1) 

where |HR|=|AR| for unary relations, AR is the selection of 

relation sets used by R (e.g. + and −), and ∏ is the 

sequence product operator.  We calculate H sets for 

relations with higher arities in a later section.   

For H sets to truly represent the maximum refinement 

possible, they must be jointly exhaustive and pairwise 

disjoint (JEPD) so that every object in a scenario will 

appear in exactly one H set.  This property is critical; if it 

did not hold then further refinements could be achieved by 

taking H set intersections and differences.  The H sets from 

Equation 1 are pairwise disjoint because, for any relation 

Ri, the relation’s four sets are mutually exclusive, and any 

two H sets always differ by at least one Ri set.  They are 

also jointly exhaustive because, for any relation Ri, each of 

its four jointly exhaustive sets is covered by some H set.   

Query Complexity 

A query is used to access a subset of objects in a scenario.  

Query complexity is the maximum number of unique 

non-empty subsets that can be accessed by some query.  

We will now show that all accessible, unique subsets of 

objects in a scenario can be represented as the union of 

some combination of H sets. 

H sets are indivisible and mutually exclusive, and so the 

query that returns the smallest non-empty subset of objects 

contained in an H set is the set expression of the H set 

itself, e.g. R1
+
 ∩ R2

+
 ∩ ... ∩ Rn

+
.  The smallest subset 

containing objects from two different H sets h1, h2 is the 

union of those two H set expressions h1∪h2.  It follows that 

any accessible subset of objects must be the union of some 

combination of H sets.  Thus query complexity is the 

number of different combinations of H sets, 2
|H|

. 

Scenario Complexity 

If two objects in a scenario can not be separated by a 

query, then the objects are considered equivalent and 

indistinguishable, that is, the objects are in the same H set.  

If the only difference between two scenarios is the number 

of indistinguishable objects in each non-empty H set, then 

the scenarios are considered equivalent.  This follows the 

intutive understanding that qualitative models, unlike 

metric systems, do not deal with numerical quantities.  

Thus, a scenario equivalence class is defined by the 

combination of H sets that are empty and non-empty, 2
|H|

. 

 There is an interesting parallel between query and 
scenario complexity.  The number of unique, accessible, 
non-empty subsets of a QSTR application is equal to the 
number of distinct scenario classes that can be expressed.  

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 
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An alternative interpretation is that a scenario is defined by 
the combination of queries that return non-empty results, 
i.e. if query q1 returns ∅ in scenario s1 and some 
non-empty result in s2, then the scenarios are logically 
distinct. 

Calculating Homogeneous Sets 

In this section we derive the equation for |HR| admitted by a 

relation R of arity aR, and then derive |H| for a QSTR 

system.  Once relations have an arity greater than 1 there 

are an infinite number of potential H sets, because a binary 

relation constitutes a total order.  Thus, Equation 1 cannot 

be used to compare QSTR systems with binary or higher 

relations.  We proceed in our analysis by representing a 

scenario of binary relation Ri as a graph, where objects 

represent vertices and directed edges represent tuples as 

illustrated in Figure 1. 

R1={ (a,b), 

        (c,b)} 
 

R2={(a,a), (a,b), (a,c), 

       (d,d), (d,e), (e,c)} 
 

Figure 1. Two graphs representing binary relations R1 and R2. 

A set theoretic query describes the structure of a graph and 

specifies the vertex to be selected with v bound variables, 

∃x1...∃xv ⋅ x1 ≠ x2 ∧ ... ∧ x1 ≠ xv ∧ ... ∧ xv-1 ≠ xv. 

For brevity, we will omit explicitly stating these 
quantifications and conditions for all further queries, and 
for simplicity we do not allow the universal quantifier ∀.  
For example, the query {x2| (x1,x2)∈r1 ∧ (x3,x2)∈R1} will 
access b from the graph of R1 in Figure 1. 

Calculating |HR| with Arbitrary Arity 

While there are an infinite number of potential graphs and 

unique accessible subsets, homogeneous sets still exist that 

contain indistinguishable objects.  For example, regarding 

the graph of R1, no query exists that can separate objects a 

and c (without directly referring to those objects), 

   {a,c} ={x1| (x1,x2)∈R1 ∧ (x3,x2)∈R1} 

={x3| (x1,x2)∈R1 ∧ (x3,x2)∈R1}, 

and the graph of R2 has three H sets, accessed by the query 

{xi | (x1,x1)∈R2 ∧ (x1,x2)∈R2 ∧ (x2,x3)∈R2  ∧ 

(x4,x4)∈R2 ∧ (x4,x5)∈R2 ∧ (x5,x3)∈R2  }, 

namely {a,d} when i=1 or 4, {b,e} when i=2 or 5 and {c} 

when i=3.  Thus, homogeneous sets correspond to graph 

symmetries or automorphisms.  Given a graph of a 

scenario, the number of H sets is the number of vertices 

minus the number of automorphisms. 

In order to make |Hr| a function of QSTR systems rather 

than scenarios (particular graphs), the query language must 

be restricted.  If the restricted language only recognises a 

finite number of graphs, it will admit a finite number of H 

sets.  It is then possible to quantify the complexity of a 

relation independent of a particular scenario, and measure 

the relative difference in expressiveness between two 

QSTR systems.  Two basic restrictions are to limit the 

number of variables (vertices) and the number of tuples 

(edges).  We will consider the former case.  Previously, 

queries have referred to variables xi where i can be any 

positive integer.  The strongest restriction on the number of 

variables is i
�

1, affording only one query, {x1| (x1,x1)∈Ri}.  

If i
�

2 then the allowable tuples are (x1,x1), (x1,x2), (x2,x1), 

and (x2,x2).  If v is the number of variables allowed in a 

query, and aR is the arity of relation R (i.e. the size of the 

tuples) then for each query, 

number of tuples = v↑aR 

All binary tuples of n objects in relation Ri appear in 
exactly one of the Ri sets (holds etc.), and thus we focus on 
those queries that contain all v↑aR tuples permitted by the 
language.  We refer to these as atomic queries.  The 
difference between two atomic queries is the combination 
of Ri sets in which the tuples must appear.  For example, 
Table 4 gives an extract of the atomic queries where v=2 
and aR=2.  Some graphs are automorphic, e.g. in row 1, and 
some graphs are isomorphic, e.g. rows 2 and 3.  Initially 
there are 16 graphs × 2 variables = 32 different executable 
atomic queries.  4 graphs (8 queries) have pairs of 
automorphic variables making 8/2 queries redundant, and 
the remaining 12 graphs (24 queries) can be put into 
symmetric pairs, making an additional 24/2 queries 
redundant, leaving 32 − 4 − 12 = 16 unique atomic queries.  
An easy way to arrive at the number of unique atomic 
queries is to allow every graph, but restrict the selection to 
the first variable x1 (this can be viewed as fixing the 
variable and rotating the edges of the graph to cover 
symmetries).  Thus, 

number of unique atomic queries = |ΑR|
number of tuples

 

where number of tuples = v↑aR.  Finally, to calculate |HR| 

we must determine the smallest JEPD queries that contain 

the atomic queries.  Atomic queries are not JEPD when 

their corresponding graphs are overlapping induced 

subgraphs of the full scenario graph.  For example, 

consider the scenario graph in Figure 2. 

 

Figure 2. Graph consisting of three disconnected subgraphs.  

Subgraphs {a,b} and {c,d} correspond to atomic queries, where 

{e,f,g} contains both atomic queries as induced subgraphs. 

 

If v=2 then two atomic queries are: 

{x1 | (x1,x1)∈R− ∧ (x1,x2)∈R+ ∧ (x2,x1)∈R− ∧ (x2,x2)∈R−}={a,e},  

{x1 | (x1,x1)∈R− ∧ (x1,x2)∈R+ ∧ (x2,x1)∈R− ∧ (x2,x2)∈R+}={c,e}. 

a b 

c d 

e 

f 

g 

c 
e d 

b a 

a 

c 
b 
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The atomic queries are not JEPD, as vertex e appears in 

both results.  However, if we take all combinations of 

atomic queries by intersection and difference, we can 

produce a JEPD collection of H sets, hence  

|HR|=2
number of unique atomic queries

 – 1  

where the number of graphs = |ΑR|
number of tuples

.  To 

summarise,  

|HR|=(2
�
|AR|

�
v

�
aR) – 1. (2) 

Calculating |H| with Arbitrary Arity 

The problem is now calculating |H|, the total number of H 

sets across all relations when those relations can take any 

arity.  Previously, we only referred to one relation within a 

query.  Given v bound variables, queries will now take the 

form, 

{x1 |   query R1, query R2, …,  query Rn} 

where query Ri is one of the unique atomic queries for 

relation Ri.  The number of queries permitted in this form is  

|atomic R1 queries| × … × |atomic Rn queries|. 

We have shown that the number of atomic queries for Ri is 

|Ari|
�
v

�
ari, thus 

|H| = 2
�
( |atomic R1 queries| 

×…× 

|atomic Rn queries|) 

= 2
�
( (|AR1|

�
v

�
aR1) ×…× (|AR n|

�
v

�
aR n) ) 

= 2
�
 ∏R∈R (|AR|

�
v

�
aR). (3) 

Using this formulation we can identify some basic 

properties of expressiveness.  In general, H-complexity is a 

function of the number of atomic queries that the QSTR 

language allows.  Restricting the number of variables in a 

query to v makes complexity a function of the number of 

relation states, |AR|, the number of variables v, and the 

relation arity.  Moreover, Equation 3 specifies the relative 

influence that each component has on complexity; relation 

arity has the most influence, followed by the number of 

variables having exponentially less influence, and finally 

arity having exponentially less influence again.  These 

properties help to inform the developer about how changes 

to each component affects expressiveness, and the relative 

difference in expressiveness between two QSTR systems. 

Applying H-Complexity 

In this section we present two ways that H-complexity can 
be employed to assist QSTR application development. 

Test coverage 

Application test space is defined according to system 
inputs and outputs, and the system structure such as 
decisions and control paths. Covering the entire, often 

infinite test space is clearly impractical and thus software 
engineers employ methods that isolate key subsets such as 
boundary checking, equivalence class partitioning, and 
cause-effect graphs (Burnstein, 2003).  Test coverage is a 
standard metric in software engineering used to guide 
testing.  H-complexity can be used to quantify a QSTR 
application’s potential test space for calculating test 
coverage, as it specifies the degree of refinement permitted 
by the language.  Consider the following application-
specific constraint for determining apparent room colour 
temperature (Schultz et al., 2009): 

“If a room has at least one warm light, and does not have 
lights of any other temperature, then the room has a warm 
colour temperature” 

This constraint may then be integrated into an existing 
QSTR system that reasons about spatial arrangements of 
light sources and surfaces.  One formal encoding of this 
constraint might be 

{x | (∃y. light
+
(y) ∧ in

+
(y,x) ∧ warm

+
(y))   (3) 

   ∧¬(∃y’. light
+
(y’) ∧ in

+
(y’,x) ∧ warm

−
(y’))} ⊆ warm

+
. 

Based on the structure of the constraint, the developer may 
decide to test the class of scenarios where the LHS is not 
empty ∃x ⋅ ∃y∧¬∃y’, and where the LHS is empty 
∀x ⋅ ∃y∧∃y’.  Based on the relations in the constraint, the 
developer may decide to test all combinations of conditions 
for both y and y’; noting that not all conditions are 
independent (e.g. if there exists y such that y∈warm

+
 then 

there must also exist y’ such that y’∈warm
+
), this provides 

a test set size of 2
8
.  The issue is that the developer needs to 

know how many tests must be executed before achieving 
some level of confidence that the application is fit for 
purpose.     Three test coverage metrics are 

1. proportion of H sets tested, |HT| / |H| 
2. proportion of relevant H sets tested, |HT∩H∆| / |H∆| 
3. degree of tested combinations for particular clusters of H 

sets (e.g. some subset H’⊂H tested up to all triples) 

where the HT is the set of tested homogeneous sets, and 
relevant homogeneous sets H∆ are defined according to the 
application (e.g. using probability distributions over inputs, 
and weighting critical inputs that must be handled 
correctly).  If HT is not precisely known, then it can be 
roughly approximated if the tradeoff between the number 
of tested H sets and the degree of combination testing is 
known

2
: 

a) exhaustive combination testing, log2(|T|)≈|HT|, 
b) k combinations, (k!⋅|T|)

1/k
 + k/2 ≈|HT|, and 

c) up to k combinations, (k!⋅|T|)
1/k ≈|HT|. 

Continuing with the case study, given A={+,−}, v=2 and 
a=2, the in relation yields |Hin|=2

16−1, and together light 
and warm yield |Hwarm|⋅|Hlight|=2

2
.  Thus, the potential test 

space is intractable, i.e. applying Equation 2 gives 

                                                 
2
 Formulae are derived by rearranging the standard combination formula, 

nCk=n! / (k!(n−k)!) where n=|T| and identifying the dominate terms. 
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2
�
(2

18−2
2
) containing ~2.6 � 10

5
 types of distinction.  

However, this space includes an exhaustive enumeration of 
tests that violate basic properties.  We can therefore focus 
the potential test space, with respect to the rule at hand, by 
incorporating the following restrictions: 

• in is neither reflexive nor symmetric 
• no object is ever in a light  

Rather than exhaustively testing these basic constraints in 
every rule, the developer may exercise those properties in 
isolation (e.g. testing when in

+
 erroneously contains a pair 

of symmetric tuples) and then assume they hold when 
testing other rules.  The first constraint allows three 
queries, 

q1={x | (x,y)∈in
+ ∧ (y,x)∈in

−
}, 

q2={x | (x,y)∈in
− ∧ (y,x)∈in

+
}, and 

q3={x | (x,y)∈in
− ∧ (y,x)∈in

−
}, 

giving |Hin|=2
3
-1.  The second constraint states that for all 

scenarios, q2 ∩ light
+
=∅, hence H sets that contain this 

query can be removed.  2
3-1

 sets in Hin intersect with q2 
giving |Hin with q2|⋅|Hlight+|⋅|Hwarm| = 2

2⋅1⋅2 = 8.  Therefore, the 
relevant number of homogeneous sets is |H∆| = 
|Hin|⋅|Hlight|⋅|Hwarm| − 8 = (2

3
-1)⋅2⋅2 – 8 = 20.  Recall that in 

our example above, the developer has chosen exhaustive 
combination testing of selected relevant components 
|T|=2

8
, giving |HT|≈log2(|T|)=8.  Test coverage results are 

1. |HT|/|H| = 8/(2.6 � 10
5
) ≈ 0% 

2. |HT∩H∆| / |H∆|= 8/20 = 40% 
3. all combinations k=1…|HT| of the cluster HT are tested, 

and no other clusters are tested at all. 

Firstly note that a few key restrictions (particularly the 
number of tuples in a query) rapidly focus the test space.  
Secondly it is clear that the majority of the relevant test 
space is completely untested.  The developer can now 
identify the untested distinctions and decide whether 
further tests are required. 

Constraints and Expressiveness 

As we observed in the previous section, a designer can 
isolate scenario classes by encoding constraints.  This is an 
effective method for improving testing efficiency by 
isolating and independently testing particular model 
fragments (to avoid combinatorial explosion).  
H-complexity can be used to measure the number of 
scenario classes that satisfy a collection of constraints, thus 
allowing a designer to quantify the reduction in the test 
suite. 

Consider a simple system with two unary relations, R1 
and R2, A={+,−}, and a constraint R1

+⊆R2
+
.  From 

Equation 1 we have |H|=4 giving 2
4
 unique scenario 

classes, but not all of them will satisfy the constraint.  To 
determine the set of valid scenario classes, the constraint is 
translated into a union of H sets. 
Let h1=(R1

+∩ R2
+), h2=(R1

+∩ R2
−), h3=(R1

−∩ R2
+), h4=(R1

−∩ R2
−); 

R1
+
= h1 ∪ h2 

R2
+
= h1 ∪ h3 

Therefore, 
 R1

+⊆R2
+
 ≡ h1 ∪ h2 ⊆ h1 ∪ h3 

     ≡ h2 ⊆ h3  …remove h1 from both sides 

So a scenario is only valid if h2 ⊆ h3, but by definition 
homogeneous sets are mutually exclusive, h2 ∩ h3 = ∅.  It 
follows that the only valid scenarios are those where 
h2 = ∅.  Given n constraints of the form LHSi  ⊆ RHSi, 
where LHSi = hiw∪…∪hix and RHSi = hiy∪…∪hiz, and let 
qLi={hiw,…,hix} / {hiy,…,hiz} (H sets exclusively in LHS).  
The only valid scenarios are those where every LHSi is 
empty, s(qi)=∅, thus (refer to the previous section “Basic 
Combinatorics”) 

|valid scenarios| = 2↑(|H|  − |qL1 ∪…∪ qLn|). 
% of valid scenarios 

= |valid scenarios| / |all scenarios| 
= 2↑(|H|  − |qL1 ∪…∪ qLn|) / 2↑|H| 
= 2↑(− |qL1 ∪…∪ qLn|). 

We will derive a function θθθθT for calculating valid 
scenarios for any type of constraint.  Let reference Table 4 
accept a constraint and return the appropriate formula for 
calculating valid scenarios.  Note that each table entry 
takes the form 

a02
−e0

 + … + an2
−en

 

where each term j=0…n has a sign aj∈{1,−1} and an 
integer exponent ej.  Let term map θT be a map that collects 
the sign and size of the exponent from each term in this 
series.  That is, θT takes a constraint ci and returns a list 
{(a0, e0), …, (an, en)} such that for each tuple (aj, ej) there 
exists some term …+ aj2

ej
 +… in the Table 4 entry for ci. 

We can now recursively define the function θθθθT that 
accurately calculates the term information from n 
constraints, for i=2…n, 

θθθθT(c1)  = {(a, f(X))  |  (a, X) ∈ θT(c1)} 
θθθθT(ci)  = θθθθT(ci−1) × θT(ci) 

(3.1) 
(3.2) 

such that, given (ax, X) ∈ θθθθT(ci−1) and (ay, Y) ∈ θT(ci), 
(ax, X) × (ay, Y)=(axay, g(X, f(Y) )).  The function f(X) 
determines the information about the exponent that is used, 
and g(X, Y) determines how the exponent information of 
different terms should be combined.  We evaluate the 
terms using the formula (where f

−1
 is the inverse of f) 

% valid scenarios = ∑ aj 2↑− |f
−1

(ej)|. 
 
For example, let two constraints be 
c1= h1 ∪ h2 ∪ h3 = h3 ∪ h4 ∪ h5 
c2= h6 ∪ h7 ⊆ h1 ∪ h7 ∪ h8. 
 
q1L = {h1, h2},  q1R = {h4, h5}, q1LR = {h3} 
q2L = {h6},   q2R = {h1, h8}, q2LR = {h7} 
 

θT(c1) = {  ( 1, {h1, h2, h4,  h5}), 

     (− 1, {h1, h2, h3, h4,  h5}) } 
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θT(c2) = {  ( 1, {h6}), 

     (− 1, {h1, h6, h8}) 

     (− 1, {h6, h7}) 

     ( 1, {h1, h6, h7, h8}),  …for ⊂   

 

     ( 1, {h1, h6, h8}), 

     (− 1, {h1, h6, h7, h8})  …for =   

} 

 
 
Let f(X)=X and g(X, Y)=X ∪ Y (see Table 5). 

θθθθT(c1) = θT(c1) 
θθθθT(c2) = θθθθT(c2) × θT(c1) 
   ={(1, {h6}) × (  1, {h1, h2, h4,  h5}), 
    (1, {h6}) × ( − 1, {h1, h2, h3, h4,  h5}), 
    …, 

(− 1, {h1, h6, h7, h8}) × 
(− 1, {h1, h2, h3, h4,  h5}), 

   ={( 1, {h1, h2, h4,  h5, h6}), 
    (− 1, {h1, h2, h3, h4,  h5, h6}), 
    …, 
    ( 1, {h1, h2, h3, h4, h5, h6, h7, h8}) }. 
 

set 

comparison  

scenarios 

(shaded=valid scenarios) 
formula 

⊂  
 
symmetric 

with 

⊃ 

∩ 
 

   2
−|qL|

  

− 2
−|qL ∪ qR|

 

− 2
−|qL ∪ qLR|

 

+ 2
−|qL ∪ qR ∪ qLR|

 

= 

 
symmetric 

with 

⊃∅  

⊂∅ 
 

   2
−|qL ∪ qR|

 

− 2
−|qL ∪ qR ∪ qLR|

 

=∅  

 

2
−|qL ∪ qR ∪ qLR| 

 

+∩≠
   

 

   1 

− 2
−|qL|

 

− 2
−|qR| 

− 2
−|qLR|  

+ 2
−|qL ∪ qR|  

+ 2
−|qL ∪ qLR|  

+ 2
−|qR ∪ qLR|

 

− 2
−|qL ∪ qR ∪ qLR|

 

Table 4. Formulae for calculating the number of scenario classes 

that satisfy particular set comparisons used in constraints. 

 

To avoid actually identifying and testing H sets (which is 
an extremely resource intensive process due to their 
enormous quantity) we can calculate bounds by assuming 
maximum and minimum overlap between the constraint 
queries.  Lower and upper bounds are calculated by 
changing the definition of the function f, summarised in 
Table 5.   
 

result f(X) = g(X, Y) = error 

tolerance (ε) 

exact X X ∪ Y |g(X, Y)| ≤ α 

lower bound X + Y 

upper bound 
|X| 

max(X, Y) 
g(X, Y) ≤ α 

Table 5. Alternative functions used in equations 3.1 and 3.2 for 

calculating exact, lower and upper bounds of the number of 

scenario classes that satisfy a set of constraints. 

 
The lower bound of % valid scenarios occurs when no 
constraints share any H sets, and is calculated by summing 
exponents g(X, Y) = X + Y.  The upper bound occurs when 
every query is an improper subset of some query, and is 
calculated by taking the maximum exponent, g(X, Y) = 
max(X, Y).    

Finally, we can vastly improve performance by pruning 
a term once its exponent has exceeded some threshold, α.  
As the exponents grow, the size of the term quickly 
becomes negligible, i.e. lime→∞ 2

−e
 = 0.  The threshold α is 

a function of the required error tolerance ε and the number 
of terms m = ∑i=0…n |θT(ci)|, 

α = log2 (m / ε), 

derived as follows.  The sum of all removed terms (where 
the magnitude of the exponent exceeds some threshold α) 
must be less than or equal to the given error tolerance, 
           ε 

�
 m 2

−α
 

     ε / m 
�

 2
−α

 
 ε.2

α
 / m 

�
 1 

         2
α �

 m / ε 
           α 

�
 log2 (m / ε) 

 
For example, an application has 50 constraints and we 
want the error to be within 0.01%.  The number of terms m 
depends on the constraint relations, but for this example on 
average let each constraint have 6 terms, giving 
m =50 × 6 = 300 terms.  Therefore, 
       α = log2 (300 / 0.01) 
   = log2 (30000) 
       α = 15 

Conclusions 

In this paper we presented the H-complexity metric for 
analysing QSTR systems, with the aim of supporting the 
design and evaluation of QSTR applications.  
H-complexity measures the expressiveness of a QSTR 
system according to the number of distinct scenario classes 
that can be encoded by the system. Specifically, we 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 

si(qL)=∅ si(qR)=∅ 

si(qLR)=∅ 
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derived H-complexity by firstly defining the concept of 
homogeneous sets as the fundamental folding of objects 
into equivalence classes permitted by the QSTR language.  
We then used homogeneous sets to quantify complexity by 
identifying a one-to-one relationship between accessible, 
unique subsets and scenario classes. We have shown that 
H-complexity of a relation can be quantified independently 
of a particular scenario by applying restrictions to the 
query language. This enables a developer to measure the 
relative difference in expressiveness between two QSTR 
systems that contain relations that admit an infinite number 
of potential homogeneous sets. Furthermore, we have 
shown that relation arity and the number of query variables 
significantly dominate expressiveness. This is useful in 
determining the relative difference in expressiveness 
between two QSTR systems, which can be used by a 
developer to guide QSTR application design. Finally, we 
presented two examples which illustrate how H-complexity 
can be employed to support QSTR application 
development,  firstly, to calculate the potential test space 
for determining test coverage, and secondly to quantify the 
reduction in expressiveness due to constraints. These 
examples demonstrate that our complexity metric is a 
versatile and effective tool for supporting the development 
of QSTR applications. 
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Abstract 

Interval algebra networks are traditionally defined over 
finite intervals. In this paper, we relax this restriction by 
allowing one or more of the intervals involved to be infinite. 
We then show how algorithms developed for solving 
interval algebra networks with finite intervals can be used, 
with minor modifications, in the infinite case. 

 Introduction   

Allen (1984) defines a temporal reasoning approach based 
on intervals and the 13 possible binary relations between 
them. The relations are before (b), meets (m), overlaps (o), 
during (d), starts (s), finishes (f), and equals (=) (see Table 
1). Each relation has an inverse. The inverse symbol for b 
is bi and similarly for the others: mi, oi, di, si, and fi. The 
inverse of equals is equals.  
 A relation between two intervals is restricted to a 
disjunction of the basic relations, which is represented as a 
set. For example, (A m B) V (A o B) is written as A { m,o}  
B. The relation between two intervals is allowed to be any 
subset of I = { b,bi,m,mi,o,oi,d,di,s,si,f,fi,=}  including I 
itself. 
 An IA (interval algebra) network is a graph where each 
node represents an interval. Directed edges in the network 
are labeled with subsets of I. By convention, edges labeled 
with I are not shown. An IA network is consistent (or 
satisfiable) if each interval in the network can be mapped 
to a real interval such that all  the constraints on the edges 
hold (i.e., one disjunct on each edge is true).  
 A scenario of an IA network is a singleton labeling of 
the network (i.e., each edge only has one of its original 
labels). A consistent scenario is a scenario where each 
constraint on each edge is true. An IA network is 
consistent if and only if it has a consistent scenario.  
 Intervals in Allen’s interval algebra are finite and 
convex. In this paper, the finiteness condition is relaxed. In 
addition to finite intervals, intervals that are half infinite 
towards negative infinity, half infinite towards positi ve 
infinity, and infinite in both directions are allowed.  
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 Eff icient algorithms and implementations have been 
developed for solving IA networks (van Beek and 
Manchak 1996). These algorithms were specificall y 
developed for finite intervals. In this paper, we show how 
these algorithms can be used, with minor modifications, to 
solve IA networks which contain non-finite intervals. 
 In the next section, we catalogue the different possible 
relationships among finite and non-finite intervals. Then, 
we show how to solve IA networks that possibly contain 
non-finite intervals. Note that we retain the convex 
property for all  the intervals, including the non-finite ones. 
 

 
 

 
Table 1: Possible relationships between two finite 

intervals 
 

Relation Symbol Example 

X before Y b 
     X 
 
                      Y 

X meets Y m 
        X 
 
                 Y 

X overlaps Y o 
           X 
 
                 Y 

X starts Y s 
       X 
 
              Y 

X during Y d 
             X 
 
              Y 

X finishes Y f 
                  X 
 
             Y 

X equals Y = 
             X 
 
             Y 
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Possible relationships involving non- finite 
intervals 

The following graphical notation is used for intervals: 
 

• Finite length interval (i.e., finite):               
• Fixed endpoint on the left and infinite on the 

right (i.e., right-infinite):                 
• Fixed endpoint on the right and infinite on the 

left (i.e., left-infinite):                  
• Infinite in both directions (i.e., infinite):              

                             
 The possible relationships between two intervals when 
one or both are non-finite are not obvious. They are 
catalogued in this section. Table 2 shows the possible 
relations between a finite and right-infinite interval. Each 
entry in Table 2 also has an inverse. For example, in the 
first row finite interval X is before (b) right-infinite 
interval Y. It is also the case that Y is after (bi) X. All  the 
possible cases are shown in Table 2 - Table 10.  
 
 
 
 
 
 
 
 
Table 2:  Possible relationships between a finite and a 

r ight-infinite interval 
 

Relation Symbol Example 

X before Y b 
     X 
 
                      Y 

X meets Y m 
        X 
 
                 Y 

X overlaps Y o 
           X 
 
                 Y 

X starts Y s 
       X 
 
              Y 

X during Y d 
             X 
 
              Y 

 
 
 
 
 
 
 
 
 

Table 3: Possible relationships between a finite and a 
left- infinite interval 

 
Relation Symbol Example 

X after Y bi 
                     X 
 
      Y 

X met by Y mi 
                X 
 
         Y 

X overlapped 
by Y oi 

                X 
 
            Y 

X finishes Y f 
                   X 
 
              Y 

X during Y d 
             X 
 
              Y 

 
 
 
 
 
 
 
Table 4: Possible relationships between a finite and an 

infinite interval 
 

Relation Symbol Example 

X during Y d 
             X 
 
              Y 

 
 
 
 
 

Table 5: Possible relationships between two r ight-
infinite intervals 

 
Relation Symbol Example 

X finished by 
Y fi 

        X 
 
                 Y 

X equals Y = 
           X 
 
           Y 

X finishes Y f 
                  X 
 
              Y 
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Table 6: Possible relationships between a r ight-infinite 
and a left- infinite interval 

 
Relation Symbol Example 

X overlaps Y o 
         X 
 
                Y 

X meets Y m 
            X 
 
                  Y 

X before Y b       X 
                  Y 

 
 
 
Table 7: Possible relationships between a r ight-infinite 

and an infinite interval 
 

Relation Symbol Example 

X finishes Y f 
                  X 
 
              Y 

 
 
 
Table 8: Possible relationships between two left- infinite 

intervals 
 

Relation Symbol Example 

X started by 
Y si 

                X 
 
        Y 

X equals Y = 
            X 
 
            Y 

X starts Y s 
         X 
 
      Y 

 
 

Table 9: Possible relationships between a left- infinite 
and an infinite interval 

 
Relation Symbol Example 

X starts Y s 
          X 
 
              Y 

 
 

Table 10: Possible relationships between two infinite 
intervals 

 
Relation Symbol Example 

X equals Y = 
              X 
 
              Y 

 

 A summary of all  the possible relations appears in Table 
11.  The entry in row r and column c is all  the possible 
relations between an interval of type r and c. For example, 
if X is left-infinite and Y is right-infinite, the only 
possibiliti es are X { o, m, b}  Y. It is interesting to note that 
each entry in Table 11 also appears as entries in Allen’s 
(1983) full  composition table. 
 
 

Table 11: Summary 
 

     
 b, bi, 

m, mi, 
o, oi, d, 
di, s, si, 
f, fi, = 

b, m, o, 
s, d 

bi, mi, 
oi, f, d 

d 

 bi, mi, 
oi, si, di 

fi, =, f 
oi, mi, 

bi 
f 

 b, m, o, 
fi, di 

o, m, b si, =, s s 

 di fi si = 
 
 

 Important property: Let X and Y be intervals of type 
finite, right-infinite, left-infinite, or infinite. Note that X 
and Y may or may not be of the same type, and if they are 
of the same type they may not be equal. Assume there is a 
valid relation r which holds between X and Y (i.e., X { r}  
Y). Now map both X and Y to real intervals. If  X and/or Y 
extend towards negative infinity, chop off  these intervals at 
a very small  negative value called LE. If  X and Y contain 
any finite endpoints, they are all  larger than LE. Do the 
same on the right hand side and chop all  intervals going 
towards positi ve infinity at a large positive point RE. Both 
X and Y are now finite. One can verify manuall y that it is 
the case that regardless of the original intervals and 
relation chosen, it is still  the case that X { r}  Y. An example 
of the construction is shown in Figure 1. X is right-infinite, 
Y is infinite, and X { f}  Y. Both intervals are made finite by 
chopping the infinite ends. X’s left endpoint is not 
modified. It remains the case that X { f}  Y for the finite 
versions of the intervals. 

 
 
 
 

           
 

               
 
 

Figure 1: X {f} Y 

X 

Y 
L R



73

Algor ithm 

A simple IA network is shown in Figure 2. Assume the 
intervals are of the following type: 

• A:                                  
• B:                                           
• C:                                            
• D:                            

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: IA network 
 
 

If  the network in Figure 2 is used as input to standard IA 
network finite interval software, we could generate the 
solution shown in Figure 3. This solution is correct if all  
the intervals are finite. It is incorrect in our case. It is 
impossible for the interval B to be before (b) the infinite 
interval D. The problem is not with the software, but with 
the input given to the software. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Consistent finite interval scenar io 
 
 

 Figure 2 has three hidden edges: 
AD, BC, and BD 

which are each assumed by the software to have a label of 
I. This is causing the problem. The label I on each of these 
edges is incorrect because not all  the labels within I are 
possible. For example, B cannot be before (b) the infinite 
interval D. To rectify this situation, instead of labeling 
missing edges with I as is the standard practice, we must 

label missing edges with the appropriate entry from Table 
11. The correctly labeled network from Figure 2 is shown 
in Figure 4. Note that the label “oi,mi,bi”  in the center of 
the figure belongs to the edge CB. This label is the entry in 
row: 

 
and column: 

 
in Table 11. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: IA network with missing edges properly 
labeled 

 
 

If  we now input the network in Figure 4 to standard IA 
network finite interval software, we could generate the 
correct scenario shown in Figure 5. The scenario in Figure 
5 represents the relative arrangement of intervals shown in 
Figure 6.  
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5: Correct non- finite interval scenar io 
 
 
 
 
 
 
 
 
 
 
 

Figure 6: Solution involving non- finite intervals 

A 

B 

C 

D 

oi, d 

b, m 
f 

A 

B 

C 

D 

d 

b f 

b 

b 

A 

B 

C 

D 

oi, d 

b, m f 

s 

d 

oi,mi,bi 

A 

B 

C 

D 

d 

b f 

s 

d 

bi 

C 

D 

B 

A 
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 Proposed Algorithm: Given an IA network with non-
finite intervals. First add missing edges labeled with the 
appropriate entry from Table 11. Then, apply finite interval 
IA network solution software to the network. The software 
will  either report that the original network is inconsistent, 
or return a consistent scenario for it. The algorithm is 
simple, and shown to be correct in the next section. 

 

Correctness                             

 
Let NF-IAN be an IA network with one or more non-

finite intervals. If  NF-IAN has any missing edges, add 
them to NF-IAN along with the appropriate label from 
Table 11. Let another IA network F-IAN have the same 
nodes, edges, and labels as NF-IAN. The only difference 
between the two is that all  the intervals in F-IAN are finite. 
The following theorem proves the correctness of the 
proposed algorithm: 
 

Theorem: S is a consistent scenario of NF-
IAN if and only if it is a consistent scenario of 
F-IAN. 

Proof: Assume S is a consistent scenario of 
NF-IAN. We can map all  the intervals in S to 
intervals over the real numbers such that each 
relation in S holds. As we did in Section 2, we 
chop off  all  the left-infinite and infinite 
intervals on the left hand side at some arbitrary 
number LE which is smaller in value than any 
of the finite endpoints which may occur in any 
of the other intervals. We do the same with 
right-infinite and infinite intervals on the right 
hand side. They all  get chopped at the same 
point RE. As observed in Section 2, this 
chopping does not affect the individual 
relations between pairs of intervals. All  the 
edge labels in S will  still  hold and all  the 
intervals are finite. We therefore have a 
consistent scenario for F-IAN. For example, 
assume NF-IAN is the network in Figure 4, F-
IAN is the same network where all  the intervals 
are finite, and S is the scenario represented by 
Figure 6. The non-finite intervals of S are 
chopped in Figure 7, and this is a scenario for 
F-IAN. 

Now consider the case where S is a 
consistent scenario of F-IAN. Map all  the 
intervals in S to finite intervals over the real 
numbers such that each relation in S holds. Let 
LI bet the set of left-infinite and infinite 
intervals in NF-IAN. If  LI is non-empty, the 
following will  be the case: 
1. The finite intervals in S corresponding to 

the intervals in LI will  all  have the same 

left endpoint. No other intervals will  have 
this left endpoint. This follows from the 
possible relations in Table 11 involving 
left-infinite and infinite intervals. 

2. It also follows from Table 11 that no 
interval endpoint will  be to the left of the 
left endpoints of the intervals in S which 
correspond to the intervals in LI. 

Based on the above properties, we can shift the 
left endpoints of the intervals in S which 
correspond to the intervals in LI any arbitrary 
distance towards negative infinity without 
violating any relations in S. Push these 
endpoints all  the way to negative infinity. Now 
perform the same operations in the opposite 
direction with the right endpoints of the 
intervals which correspond to the right-infinite 
and infinite intervals, if there are any. None of 
the relations in S have been violated. S has been 
transformed into a consistent scenario for NF-
IAN. For example, let F-IAN be the network in 
Figure 4 and S be the scenario represented in 
Figure 8. Intervals B and D can be extended on 
the left towards infinity and, C and D can be 
extended on the right towards infinity without 
violating any of the relations in S. This is now a 
scenario for the NF-IAN version of Figure 4. 

Therefore, S is a consistent scenario of NF-
IAN if and only if it is a consistent scenario of 
F-IAN. Q.E.D. 

 

 
 
 
 
 
 
 
 
 
 
 

Figure 7: Chopping the non- finite intervals 
 
 
 
 
 
 
 
 
 
 

Figure 8: Finite scenar io S 
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B 

D 

A 

C 

D 
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Previous work 

 
The concern with infinity is not limited to AI in 

computer science. For example, the IEEE standard 754-
1985 for binary floating-point arithmetic has special values 
assigned to positive and negative infinity. The default in 
IEEE arithmetic is to round overflowed numbers to infinity 
(Goldberg 1991). 

I am not aware of any previously published algorithm 
for solving IA networks containing non-finite intervals. 

The problem of representing non-finite intervals was not 
addressed in this paper. Hobbs (2002), and in a later 
collaboration with Pan (2004) present a succinct and 
elegant first order axiomatization of Allen’s relations for 
non-finite intervals. Although they make minimal 
ontological commitments, the axiomatization contains 
instants, intervals can have endpoints, and relies on the fact 
that a left-infinite interval has no left endpoint (similarly 
for right-infinite and infinite intervals). This seems to 
imply a point based model of time. Note that a model does 
not necessaril y need to contain an infinite number of points 
to represent the non-finite intervals. 

Another elegant and formal axiomatization of Allen’s 
intervals for non-finite intervals appears in (Cukierman and 
Delgrande 2004). This axiomatization includes predicates 
to distinguish between the various types of non-finite 
intervals. This capabilit y is missing in the logics presented 
in (Hobbs 2002) and (Hobbs and Pan 2004), where the user 
must extend the logic. 

Bouzid and Ladkin (2002) define temporal intervals as 
the union of convex finite intervals. They also define 
operations over these sets. One operation is union. Since 
their underlying structure is the rationals, they require this 
infinite interval in their system since the union of a set and 
its complement is the set of all  the rationals. Positive and 
negative infinity are represented by adding two points at 
infinity to the set of rationals. They do not consider the 
possible relationships between infinite sets. 

Infinitely periodic temporal data has been studied in the 
temporal database area. Baudinet et. al. (1991) and 
Kabanza et. al. (1995) consider infinite sequences of finite 
intervals over the integers. Note that the individual 
intervals are finite; not infinite. 

Another paper from the temporal database area is by 
Koubarakis (1994) which uses the rationals as the 
underlying temporal structure. He does not consider 
infinitely periodic temporal data. But, since he is using an 
underlying dense temporal structure, he considers the fact 
that temporal information can be true at infinitely many 
points over a finite interval to be infinite temporal 
information. He does not allow non-finite intervals. 
 

Conclusions 

 
Allen’s interval algebra was originall y defined and 

axiomatized for finite temporal intervals. Subsequently, 
eff icient algorithms were implemented for solving finite 
interval IA networks.  

This paper shows that, unless the problem domain is 
inherently finite, there is no reason to restrict temporal 
intervals to be finite. Allen’s relations have been 
axiomatized for non-finite intervals (e.g., (Cukierman and 
Delgrande 2004) and (Hobbs and Pan 2004)). Existing 
finite interval software can be used to solve non-finite 
interval AI networks. Care must be taken to properly label 
missing IA network edges with the proper entry in Table 
11.  
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